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Abstract
By using a well-known fixed point index theorem, we study the existence, multiplicity and nonex-
istence of positive T -periodic solution(s) to the higher-dimensional nonlinear functional difference
equations of the form
x(n+ 1) = A(n)x(n)+ λh(n)f (x(n− τ (n))), n ∈ Z,
where
A(n) = diag[a1(n), a2(n), . . . , am(n)], h(n) = diag[h1(n),h2(n), . . . , hm(n)],
aj , hj :Z→R+, τ :Z→Z are T -periodic, j = 1,2, . . . ,m, T  1; λ > 0, x :Z→Rm, f :Rm+→R+,
where Rm+ = {(x1, . . . , xm)T ∈ Rm: xj  0, j = 1,2, . . . ,m}, R+ = {x ∈ R: x > 0}.
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As pointed in [12], at present, the existence of periodic solutions of functional differ-
ential equations has been studied extensively [1,3,4,6–8,10,11]. However, few papers have
been published on the same problem for functional difference equations.
In [9], Y.N. Raffoul has studied the existence of positive periodic solutions for the fol-
lowing functional difference equation
x(n + 1) = a(n)x(n)+ λh(n)f (x(n− τ(n))),
where a(n), h(n) and τ(n) are T -periodic for T is an integer with T  1, λ, a(n), f (x)
and h(n) are nonnegative with 0 < a(n) < 1 for all n ∈ {0,1, . . . , T − 1}.
In [12], by using Krasnosel’skii’s fixed point theorem and upper and lower solutions
method, Zhu and Li have found some sets of positive values λ determining that there exist
positive T -periodic solutions to the higher-dimensional functional difference equations of
the form
x(n + 1) = A(n)x(n)+ λh(n)f (x(n− τ(n))), n ∈ Z, (1.1)
where
A(n) = diag[a1(n), a2(n), . . . , am(n)],
h(n) = diag[h1(n),h2(n), . . . , hm(n)],
aj , hj :Z→R+, τ :Z→Z are T -periodic, j = 1,2, . . . ,m, T  1, λ > 0, x :Z→Rm, func-
tion f :Rm+→R+ is continuous, where Z is the set of all integers, Rm+ = {(x1, . . . , xm)T ∈
Rm: xj  0, j = 1,2, . . . ,m}, R+ = {x ∈ R: x > 0}.
In the sequel, we say that x is positive whenever x ∈ Rm+ ; we denote f = (f1, . . . , fm)T ,
and denote the product of x(n) from n = a to n = b by ∏n=bn=a x(n) with the understanding
that
∏n=b
n=a x(n) = 1 for all a > b. Also, we denote by N the set of all nonnegative integers
and denote [a, b] = {a, a + 1, . . . , b} for a < b ∈ Z.
The purpose of this paper is to study the existence, multiplicity and nonexistence of pos-
itive T -periodic solution(s) of Eq. (1.1) by using a well-known fixed point index theorem.
The organization of this paper is as follows. In Section 2, we make some preparations.
In Section 3, by using a well-known fixed point index theorem, we obtain sufficient condi-
tions of the existence, multiplicity and nonexistence of positive T -periodic solution(s) of
Eq. (1.1).
2. Preliminaries
Throughout this paper, we always assume that
(S1) 0 < aj (n) < 1 for n ∈ [0, T − 1], j = 1,2, . . . ,m.
The following well-known result of the fixed point index is very useful in the proofs ofour main results of this paper.
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Kr = {x ∈ K: ‖x‖ < r}. Assume that Φ :Kr → K is completely continuous such that
Φx = x for x ∈ ∂Kr = {x ∈ K: ‖x‖ = r}.
(i) If ‖Φx‖ ‖x‖ for x ∈ ∂Kr , then
i(Φ,Kr,K) = 0.
(ii) If ‖Φx‖ ‖x‖ for x ∈ ∂Kr , then
i(Φ,Kr,K) = 1.
In order to apply Lemma 2.1 to Eq. (1.1), let X be the Banach space
X = {x :Z → Rm: x(n + T ) = x(n)}
with ‖x‖ =∑mj=1 |xj |0, where |xj |0 = supn∈[0,T−1] |xj (n)|.
Lemma 2.2 [12]. x(n) ∈ X is a solution of Eq. (1.1) if and only if
x(n) = λ
n+T−1∑
u=n
G(n,u)h(u)f
(
x
(
u− τ(u))),
where
G(n,u) = diag[G1(n,u), . . . ,Gm(n,u)] (2.1)
and
Gj(n,u) =
∏n+T−1
s=u+1 aj (s)
1 −∏n+T−1s=n aj (s) , u ∈ [n,n+ T − 1], j = 1,2, . . . ,m.
It follows from (S1) that the denominator in Gj(n,u) is not zero for n ∈ [0, T − 1].
Note that due to (S1), we have
Nj ≡ Gj(n,n)Gj(n,u)Gj(n,n+ T − 1) = Gj(0, T − 1) ≡ Mj,
j = 1,2, . . . ,m,
for u ∈ [n,n+ T − 1], and
1 Gj(n,u)
Gj (n,n + T − 1) 
Gj(n,n)
Gj (n,n + T − 1) =
Nj
Mj
> 0, j = 1,2, . . . ,m.
Let
γ = min
{
Nj
Mj
: j = 1,2, . . . ,m
}
.
One has γ ∈ (0,1).
In what follows, we shall use the following notations:
qj = min0uT−1 hj (u), pj = max0uT−1 hj (u),
0 fj (x) ∞ fj (x) j = 1,2, . . . ,m,fj = limxj→0+ xj , fj = limxj→∞ xj ,
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q = min
1jm
qj , p = max
1jm
pj , η = min
1jm
ηj ,
N = min
1jm
Nj ,  = max
1jm
j , M = max
1jm
Mj .
Define a cone K by
K = {x ∈ X: xj (n) γ |xj |0, j = 1,2, . . . ,m},
and for a positive number r , define Ωr by
Ωr =
{
x ∈ K: |xj |0 < r, j = 1,2, . . . ,m
}
.
Note that ∂Ωr = {x ∈ K: |xj |0 = r, j = 1,2, . . . ,m}.
Let the map F :K → K be defined by
(Fx)(n) = λ
n+T−1∑
u=n
G(n,u)h(u)f
(
x
(
u− τ(u))),
for x ∈ K , n ∈ Z, where G(n,u) is defined by (2.1), we denote
(Fx) = (F1x,F2x, . . . ,Fmx)T .
Lemma 2.3. F :K→K is well defined.
Proof. For each x ∈ K , since it is clear that (Fx)(n + T ) = (Fx)(n) for n ∈ Z, Fx ∈ X.
For any x ∈ K and n ∈ Z, we have
(Fjx)(n) = λ
n+T−1∑
u=n
Gj (n,u)hj (u)fj
(
x
(
u− τ(u)))
 λ
n+T−1∑
u=n
Gj (0, T − 1)hj (u)fj
(
x
(
u− τ(u))), j = 1,2, . . . ,m.
Thus
‖Fjx‖0 = sup
n∈[0,T−1]
∣∣(Fjx)(n)∣∣
 λ
T−1∑
u=0
Gj(0, T − 1)hj (u)fj
(
x
(
u− τ(u))), j = 1,2, . . . ,m,
and for n ∈ Z,
(Fjx)(n) = λ
n+T−1∑
u=n
Gj (n,u)hj (u)fj
(
x
(
u− τ(u)))
 λNj
T−1∑
hj (u)fj
(
x
(
u− τ(u)))u=0
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T−1∑
u=0
Gj(0, T − 1)
Mj
hj (u)fj
(
x
(
u− τ(u)))
 γ |Fjx|0, j = 1,2, . . . ,m.
Therefore, (Fx) ∈ K . This completes the proof. 
Lemma 2.4. F :K→K is completely continuous.
Proof. The proof is similar to that of [12, Lemma 3.3] and will be omitted. 
Lemma 2.5. For j = 1,2, . . . ,m, let ηj > 0, if x ∈ K and let fj (x(n))  xj (n)ηj for
n ∈ [0, T − 1]. Then
‖Fx‖ λNqηT γ ‖x‖.
Proof. Since minn∈[0,T−1] xj (n) γ |xj |0 for every j = 1,2, . . . ,m and for all x ∈ K , we
have that for n ∈ [0, T − 1],
(Fjx)(n) = λ
n+T−1∑
u=n
Gj (n,u)hj (u)fj
(
x
(
u− τ(u)))
 λNjqj
n+T−1∑
u=n
xj
(
u− τ(u))ηj
 λNjqjηjT γ |xj |0.
Therefore,
|Fjx|0  λNjqjηjT γ |xj |0, j = 1,2, . . . ,m,
and
‖Fx‖ =
m∑
j=1
|Fjx|0 
m∑
j=1
λNjqjηjT γ |xj |0  λNqηT γ
m∑
j=1
|xj |0 = λNqηT γ ‖x‖.
The proof is complete. 
Lemma 2.6. Let r > 0, if x ∈ ∂Ωr and for every j = 1,2, . . . ,m, there exists an j > 0
such that fj (x(n)) j xj (n) for n ∈ [0, T − 1], then
‖Fx‖ λMpT ‖x‖.
Proof. For n ∈ [0, T − 1], we have
(Fjx)(n) = λ
n+T−1∑
u=n
Gj (n,u)hj (u)fj
(
x
(
u− τ(u)))
 λMjpj
n+T−1∑
u=n
xj
(
u− τ(u))j λMjpj jT |xj |0, j = 1,2, . . . ,m.
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|Fjx|0  λMjpj jT |xj |0, j = 1,2, . . . ,m,
and
‖Fx‖ =
m∑
j=1
|Fjx|0 
m∑
j=1
λMjpj jT |xj |0  λMpT
m∑
j=1
|xj |0 = λMpT ‖x‖.
The proof is complete. 
Since f is continuous and when x ∈ ∂Ωr , for j = 1,2, . . . ,m, |xj |0  r , r  |xj |0 =
supn∈[0,T−1] |xj (n − τ(n))|, that is, −r  xj (n − τ(n)) r , for convenience, we can de-
fine:
(H1) mj (r) = inf
x∈∂Ωr
fj
(
x
(
u− τ(u))), 0 u T − 1, j = 1,2, . . . ,m,
m(r) = min
1jm
mj (r).
(H2) Mj (r) = sup
x∈∂Ωr
fj
(
x
(
u− τ(u))), 0 u T − 1, j = 1,2, . . . ,m,
M(r) = max
1jm
Mj(r).
Similar to the proofs of Lemmas 2.5 and 2.6, one can show the following two lemmas.
Lemma 2.7. If x ∈ ∂Ωr , r > 0, then ‖Fx‖ λNqmTm(r).
Lemma 2.8. If x ∈ ∂Ωr , r > 0, then ‖Fx‖ λMpmTM(r).
3. Main results
We are now in a position to state and prove our first main result of this paper.
Theorem 3.1. Suppose (S1) holds.
(a) When λ > 1/(NqmTm(1)) > 0, if f 0j = 0 (j = 1,2, . . . ,m) or f∞j = 0 (j =
1,2, . . . ,m), then (1.1) has one positive T -periodic solution and if for every
j = 1,2, . . . ,m, f 0j = f∞j = 0, then (1.1) has two positive T -periodic solutions.
(b) When 0 < λ < 1/(MpmTM(1)), if f 0j = ∞ (j = 1,2, . . . ,m) or f∞j = ∞ (j =
1,2, . . . ,m), then (1.1) has one positive T -periodic solution and if for every
j = 1,2, . . . ,m, f 0j = f∞j = ∞, then (1.1) has two positive T -periodic solutions.
(c) If f 0j > 0 and f∞j > 0 (j = 1,2, . . . ,m), or f 0j < ∞ and f∞j < ∞ (j = 1,2, . . . ,m),
then (1.1) has no positive T -periodic solution for sufficiently large or small λ > 0,
respectively.
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λ0 = 1/(NqmTm(r1)) > 0 such that
‖Fx‖ ‖x‖ for x ∈ ∂Ωr1, λ > λ0.
If for every j = 1,2, . . . ,m, f 0j = 0, we can choose 0 < r2 < r1 such that fj (x) j xj for
0 xj  r2, where the constant j > 0 satisfies
λMp
(
max
1jm
j
)
T < 1.
Thus fj (x(n)) jxj (n) for x ∈ ∂Ωr2 , n ∈ [0, T −1] and j = 1,2, . . . ,m. It follows from
Lemma 2.6 that
‖Fx‖ λMpT ‖x‖ < ‖x‖ for x ∈ ∂Ωr2 .
By Lemma 2.1 we have
i(F,Ωr1 ,K) = 0, i(F,Ωr2 ,K) = 1.
Therefore, i(F,Ωr1 \ Ωr2,K) = −1, and F has a fixed point in Ωr1 \ Ωr2 , which is a
positive T -periodic solution of (1.1) for λ > λ0.
If for every j = 1,2, . . . ,m, f∞j = 0, then there is a W > 0 such that fj (x) j xj for
xj W , where the constant j > 0 satisfies
λMp
(
max
1jm
j
)
T < 1.
Let r3 = max{2r1,W/γ }. It follows that xj (n) γ ‖xj‖0 W for x ∈ ∂Ωr3 , n ∈ [0, T −
1] and j = 1,2, . . . ,m. Thus fj (x(n))  j xj (n) for x ∈ ∂Ωr3 , n ∈ [0, T − 1] and j =
1,2, . . . ,m. According to Lemma 2.6, we have
‖Fx‖ λMpT ‖x‖ < ‖x‖ for x ∈ ∂Ωr3 .
Again, it follows from Lemma 2.1 that
i(F,Ωr1 ,K) = 0, i(F,Ωr3 ,K) = 1.
Thus i(F,Ωr3 \ Ωr1,K) = 1, and (1.1) has a positive T -periodic solution for λ > λ0.
If f 0j = f∞j = 0, it is easy to see from the above proof that F has a fixed point u1 in
Ωr1 \ Ωr2 and a fixed point u2 in Ωr3 \ Ωr1 such that
r2 < ‖u1‖ < r1 < ‖u2‖ < r3.
Consequently, (1.1) has two positive T -periodic solutions for λ > λ0.
Part (b). Choose a number r1 = 1. By Lemma 2.8 we know that there exists λ0 =
1/(MpmTM(r1)) > 0, such that
‖Fx‖ < ‖x‖ for x ∈ ∂Ωr1 , 0 < λ< λ0.
Then for every j = 1,2, . . . ,m, we obtain the following consequences.
If for every j = 1,2, . . . ,m, f 0j = ∞, then there is a positive number r2 < r1 such that
fj (x) ηjxj for 0 xj  r2, where the constant ηj > 0 is chosen so that( )λNq min
1jm
ηj T γ > 1.
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Lemma 2.5 that
‖Fx‖ λNqηT γ ‖x‖ > ‖x‖ for x ∈ ∂Ωr2 .
It follows from Lemma 2.1 that
i(F,Ωr1 ,K) = 1, i(F,Ωr2 ,K) = 0.
Thus i(F,Ωr1 \ Ωr2,K) = 1, and F has a fixed point in Ωr1 \ Ωr2 , which is a positive
T -periodic solution of (1.1) for 0 < λ< λ0.
If for every j = 1,2, . . . ,m, f∞j = ∞, then there is a W¯ > 0 such that fj (x)  ηjxj
for xj  W¯ , where the constant ηj > 0 satisfies
λNq
(
max
1jm
ηj
)
T γ > 1.
Let r3 = max{2r1, W¯/γ }. It follows that min0nT−1 xj (n) γ ‖xj‖0  W¯ for x ∈ ∂Ωr3 ,
n ∈ [0, T −1] and j = 1,2, . . . ,m. Thus f (x(n)) ηx(n) for x ∈ ∂Ωr3 and n ∈ [0, T −1].
In view of Lemma 2.5, we have
‖Fx‖ λNqηT γ ‖x‖ > ‖x‖ for x ∈ ∂Ωr3 .
Again, it follows from Lemma 2.1 that
i(F,Ωr1 ,K) = 1, i(F,Ωr3 ,K) = 0.
Thus i(F,Ωr3 \Ωr1,K) = −1, and (1.1) has a positive T -periodic solution for 0 < λ< λ0.
If for every j = 1,2, . . . ,m, f 0j = f∞j = ∞, then it is easy to see from the above proof
that F has a fixed point u1 in Ωr1 \ Ωr2 and a fixed point u2 in Ωr3 \ Ωr1 such that
r2 < ‖u1‖ < r1 < ‖u2‖ < r3.
Consequently, (1.1) has two positive T -periodic solutions for 0 < λ< λ0.
Part (c). If for every j = 1,2, . . . ,m, f 0j > 0 and f∞j > 0, it is easy to see that there
exist positive numbers ηj1, ηj2, rj1 and rj2 such that rj1 < rj2 and
fj (x) ηj1xj for xj ∈ [0, r1],
fj (x) ηj2xj for xj ∈ [r2,∞).
Let cj1 = min{ηj1, ηj2,minr1xr2{fj (x)/xj }} > 0, j = 1,2, . . . ,m, then we have
fj (x) cj1xj for xj ∈ [0,∞), j = 1,2, . . . ,m.
Assume ϕ(n) is a positive T -periodic solution of (1.1). We will show that this leads to
a contradiction for λ > λ0, where λ0 = 1/(Nq(min1jm cj1)T γ ). Since Fϕ(n) = ϕ(n)
for n ∈ [0, T − 1], it follows from Lemma 2.5 that, for λ > λ0
‖ϕ‖ = ‖Fϕ‖ λNq
(
min
1jm
cj1
)
T γ ‖ϕ‖ > ‖ϕ‖,
which is a contradiction.
If for every j = 1,2, . . . ,m, f 0j < ∞ and f∞j < ∞, it follows that for j = 1,2, . . . ,m,there exist positive numbers j1, j2, rj1 and rj2 such that rj1 < rj2 and
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fj (x) j2xj for xj ∈ [r2,∞).
Let cj2 = max{j1, j2,maxr1xr2{fj (x)/xj }} > 0, j = 1,2, . . . ,m. Then we have
fj (x) cj2xj for xj ∈ [0,∞).
Assume ψ(n) is a positive T -periodic solution of (1.1). We will show that this leads to
a contradiction for 0 < λ < λ0, where λ0 = 1/(Mp(max1jm cj2)T ). Since Fψ(n) =
ψ(n) for n ∈ [0, T − 1], it follows from Lemma 2.6 that, for 0 < λ< λ0,
‖ψ‖ = ‖Fψ‖ λMp
(
max
1jm
cj2
)
T ‖ψ‖ < ‖ψ‖,
which is a contradiction. The proof is complete. 
Remark. For other results concerning Eq. (1.1) has at least one positive T -periodic solu-
tion, we refer the reader to [12].
Finally, it follows from the proof of Theorem 3.1(c) that one can easily show the fol-
lowing statement.
Theorem 3.2. Suppose (S1) holds.
(a) For every j = 1,2, . . . ,m, if there is some cj1 such that fj (x) cj1xj for x ∈ [0,∞),
then there exists λ0 = 1/(Nq(min1jm cj1)T γ ) such that for all λ > λ0, (1.1) has
no positive T -periodic solution.
(b) For every j = 1,2, . . . ,m, if there is some cj2 such that fj (x) cj2xj for x ∈ [0,∞),
then there exists λ0 = 1/(Mp(max1jm cj2)T ) such that for all 0 < λ < λ0, (1.1)
has no positive T -periodic solution.
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